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Phonon-drag thermopower and hot-electron energy-loss rate in a Rashba spin-orbit
coupled two-dimensional electron system
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We theoretically study phonon-drag contribution to the thermoelectric power and hot-electron
energy-loss rate in a Rashba spin-orbit coupled two-dimensional electron system in the Bloch-
Gruneisen (BG) regime. We assume that electrons interact with longitudinal acoustic phonons
through deformation potential and with both longitudinal and transverse acoustic phonons through
piezoelectric potential. Effect of the Rashba spin-orbit interaction on magnitude and temperature
dependence of the phonon-drag thermoelectric power and hot-electron energy-loss rate are discussed.
We numerically extract the exponent of temperature dependence of the phonon-drag thermopower
and the energy-loss rate. We find the exponents are suppressed due to the presence of the Rashba
spin-orbit coupling.
PACS numbers: 72.20.Pa,75.70.Tj,73.21.Fg
I. INTRODUCTION
There has been a rapidly growing interest on spin-
orbit coupled low-dimensional electron systems like two-
dimensional electron systems (2DES) formed at semicon-
ductor heterostructure interface, quantum wires, quan-
tum dots1–3 etc. The usefulness of the spin-orbit cou-
pling in condensed matter system was realized after the
proposal of spin field effect transistor by Datta and Das4
and thereafter, various interesting theoretical and exper-
imental studies have been reported. One main goal is
to control and manipulate the spin degree of freedom
of charge carriers in nanostructures so that spin-based
electronic devices5–7 and quantum information process-
ing technology can be developed. The coupling between
electron’s spin and orbital angular momentum naturally
arises when one makes non-relativistic approximation to
the relativistic Dirac equation. There are various types
of spin-orbit interaction (SOI) present in semiconduc-
tor heterostructures. Most commonly used SOI is the
Rashba SOI (RSOI)8 which is due to the structural inver-
sion asymmetry in semiconductor heterostructures such
as GaAs/AlGaAs. One can also increase the strength of
the spin-orbit coupling with the help of an external gate
voltage9,10. The RSOI modifies various properties11–15
of a 2DES including the electron polaron effective mass,
polaron binding energy, mobility, etc.
The electron-phonon interaction (EPI) plays an impor-
tant role in determining transport properties of a 2DES.
There are mainly two kind of mechanisms responsible for
the EPI in semiconductor heterostructures, namely de-
formation potential (DP) and piezoelectric (PE) scatter-
ing potential. The deformation potential is the change in
potential energy of an electron due to lattice deformation.
In an inversion asymmetry host crystal, an electric po-
larization is induced due to lattice vibration and the po-
tential corresponds to the electric polarization is known
as piezoelectric potential. The electrons are scattered by
the deformation and piezoelectric potentials and provides
a non-zero contribution to the momentum relaxation
time, in addition to other contributions coming from
disorders, impurities etc. Numerous studies have been
devoted to probe EPI by measuring low-temperature
mobility16–22 of a 2DES in the Bloch-Gruneisen (BG)
regime. The characteristic BG temperature23 is defined
as TBG = 2~vskF /kB (where vs is the sound velocity and
kF is the Fermi wave vector). When the temperature de-
creases below TBG phonon modes with higher energy are
no longer able to be thermally excited and electrons are
scattered by a small fraction of acoustic phonons with
wave vector q ≤ 2kF due to the phase space restriction.
This leads to a sharp decrease in resistivity ρ ∼ T ν, where
the exponent ν varies for different systems and different
electron-phonon scattering mechanisms. The BG tem-
perature becomes TBG ∼ 6.2 K for a typical electron
density ne ∼ 1011 m−2 and sound velocity vs ∼ 5.12×103
ms−1.
Thermoelectric properties of various materials includ-
ing 2DES have attracted much interest due to potential
applications. With the application of an external tem-
perature gradient ∇T across a sample, an electric field
E ∝∇T is generated. The proportionality constant (S)
between E and ∇T is known as thermoelectric power
or the Seebeck coefficient. There are mainly two con-
tributions to the thermoelectric power S: diffusion ther-
mopower Sd and phonon-drag thermopower Sg. The ap-
plied temperature gradient gives rise to flow of electrons
and phonons from hotter region to cooler region. The dif-
fusion thermopower is solely due to flow of electrons and
sensitive to the energy dependence of various scattering
mechanisms such as ionized impurity scattering, surface
roughness scattering etc. On the other hand, flow of
phonons will try to drag the electrons from hotter region
to cooler region due to EPI and giving rise to phonon-
drag thermopower. Extensive theoretical and experimen-
tal investigations24–38 on phonon-drag thermopower of a
2DES without RSOI have been performed.
Another relevant mechanism for probing the EPI is the
energy-loss rate (P ) of hot electrons. When an electron
system is subjected to uniform heating, electron temper-
2ature raises above that of the phonons. Hot electron
relaxes to lower temperature via acoustic phonon emis-
sion. There are numerous experimental and theoretical
studies39–49 on hot-electron energy-loss rate of a 2DES
without RSOI.
Unlike diffusion thermopower, both phonon-drag ther-
mopower and hot-electron energy-loss rate depend only
on EPI. Therefore, one can determine the electron-
phonon coupling constant reliably by measuring Sg and
P .
Very recently, diffusive thermopower50 and acoustic
phonon-limited resistivity51 in a spin-orbit coupled 2DES
have been studied. To the best of our knowledge, a de-
tailed study of the effect of RSOI on phonon-drag ther-
mopower and hot-electron energy-loss rate have not been
studied yet. In this paper, we study phonon-drag contri-
bution to the thermoelectric power and energy-loss rate
of a Rashba spin-orbit coupled quasi-2DES in which two-
dimensional electron wave vector k couples with three-
dimensional phonon wave vector Q = (q, qz). We con-
sider both DP and PE scattering mechanisms responsi-
ble for the EPI. In the BG regime we find analytically
that Sg is proportional to T
4 and T 2 for DP and PE
scattering, respectively. On the other hand, approximate
analytical calculations show that the energy-loss rate is
proportional to T 5 and T 3 for DP and PE scattering,
respectively. However, our numerical results reveal that
the exponents are strongly dependent on the electron
density and the Rashba spin-orbit coupling constant.
This paper is organized as follows. In section II we
present all the analytical results of phonon-drag ther-
mopower and energy-loss rate. Numerical results and
discussions have been reported in section III. We sum-
marize our work in section IV.
II. THEORETICAL DETAILS
We consider a quasi-2DES formed at the interface
of semiconductor heterostructures which has a finite
thickness in the confining direction (say, z). Typi-
cally, the confining potential in the z-direction is a
triangular potential. We assume that only the low-
est sub-band due to transverse confinement is occupied
by the electrons. Therefore, electrons are restricted to
move in the xy plane with wave vector k = (kx, ky).
One can write the electron’s wave function as ψ(r) =
ψ(x, y)ξ0(z). The Fang-Howard wave function
52 in the
z-direction is given by ξ0(z) =
√
b3/2ze−bz/2 with b =
(48πm∗e2/ε0κ~
2)1/3
(
nd+11ne/32
)1/3
as the variational
parameter. Here, m∗ is the effective mass of an electron,
κ is the dielectric constant. Also, ε0 is permittivity of
free space, nd is the depletion charge density and ne is
the density of electron.
The single electron Hamiltonian is given by
H =
p2
2m∗
σ0 +
α
~
(
σxpy − σypx
)
, (1)
where p = ~k is the momentum operator for the electron,
σ0 is the 2× 2 identity matrix, α is the RSOI coupling
constant and σx(y) are the usual Pauli spin matrices. The
energy eigenvalues and the normalized eigenstates cor-
responding to the above Hamiltonian are, respectively,
given by
ǫλk =
~
2k2
2m∗
+ λαk (2)
and
ψλ(x, y) =
1√
2
(
1
λe−iφk
)
eik·r, (3)
with λ = ± indicates two spin-split energy branches and
tanφk = kx/ky. At a given Fermi energy ǫF , the Fermi
wave vectors for the two energy branches can be writ-
ten as kλF =
√
(k0F )
2 − k2α − λkα with k0F =
√
2πne and
kα = m
∗α/~2. The velocity of an electron in a particular
branch λ is given by
vλk =
1
~
∂ǫλk
∂k
=
~k
m∗
+ λ
α
~
. (4)
A. Phonon-drag thermopower
We consider the interaction between electrons with
two-dimensional wave vector k and acoustic phonon with
three-dimensional wave vector Q. To calculate phonon-
drag thermopower we follow the explicit formula given
in References25,26 for 2DES. With appropriate modifica-
tions the expression for phonon-drag thermopower in a
Rashba spin-orbit coupled 2DES is given by
Sλg =
eτp
2σAkBT 2
∑
λ′
∑
k,k′,Q
~ωQf(ǫ
λ
k)
[
1− f(ǫλ′k′ )
]
× Wλλ′Q (k,k′)
{
τ(ǫλk)v
λ
k − τ(ǫλ
′
k′ )v
λ′
k′
}
· vp, (5)
where e is the electronic charge, τp is the phonon mean
free time, A is the area of the sample, σ is the Drude
conductivity, kB is the Boltzmann constant, ωQ = vsQ,
τ(ǫk) is the energy-dependent momentum relaxation time
of an electron, f(ǫ) = [eβ(ǫ−µ) + 1]−1 is the Fermi-Dirac
distribution function with β = 1/(kBT ), v
λ
k is the ve-
locity of an electron in a particular branch λ, vp is the
phonon velocity defined as vp = vsQ/Q and W
λλ′
Q (k,k
′)
is the transition probability which is responsible for mak-
ing transition of an electron from an initial state |k, λ〉
to a final state |k′, λ′〉 with the absorption of a phonon.
The explicit form of the transition probability is given by
the Fermi’s golden rule
Wλλ
′
Q (k,k
′) =
2π
~
|Cλλ′Q |2NQδ
(
ǫλ
′
k′ − ǫλk − ~ωQ
)
δk′,k+q,(6)
where |Cλλ′Q |2 is the matrix element responsible for the
EPI and NQ = [exp(β~ωQ) − 1]−1 is the equilibrium
phonon distribution function.
3The matrix elements for DP and PE scatterings are
respectively given by51
|Cλ,λ′Q |2DP =
D2~Q
2ρmvsl
1 + λλ′ cos γkk′
2
δλ,λ′ |I(qz)|2 (7)
and
|Cλ,λ′Q,l(t)|2PE =
(eh14)
2
~
2ρmvsl(t)
1 + λλ′ cos γkk′
2
√
q2 + q2z
δλ,λ′ (8)
× |I(qz)|2Al(t)(q, qz),
where D is the DP coupling constant, h14 is the rele-
vant PE tensor component, ρm is the mass density, vsl(t)
is the longitudinal (transverse) component of sound ve-
locity, γkk′ is the angle between k and k
′, Al(q, qz) =
9q2zq
4/[2(q2z + q
2)3] and At(q, qz) = (8q
4
zq
2 + q6)/[4(q2z +
q2)3]. The Kronecker delta symbol δλ,λ′ in the matrix
elements implies that the EPI is spin-independent. Fi-
nally the form factor |I(qz)|2 which is responsible for the
finite thickness of the quasi-2DES and it has the form
|I(qz)|2 = |
∫
dzξ20(z)e
iqzz |2 = b6/(q2z + b2)3 for a trian-
gular potential.
With the help of the Kronecker delta symbol δk′,k+q
in Eq. (6) the summation over k′ in Eq. (5) can be easily
evaluated by replacing k′ with k+ q. The argument of
the delta function in Eq. (6) confirms the conservation
of energy ǫk′ = ǫk + ~ωQ. At this point we assume that
τ(ǫk) is approximately constant over an energy scale of
the order of ~ωQ so that we can write τ(ǫk+~ωQ) ≃ τ(ǫk).
The summation over k in Eq. (5) can be converted into
an integral over ǫk by the following transformation
∑
k
→ A
(2π)2
m∗
~2
∫
dǫk
(
1− λ
√
ǫα
ǫk + ǫα
)∫
dθ, (9)
where θ is the angle between k and q. At very low
temperature we can make an additional approximation
as f(ǫk){1 − f(ǫk + ~ωQ)} ≃ ~ωQ(NQ + 1)δ(ǫk − ǫF ).
Now we convert the summation over Q into an integra-
tion over q and qz as
∑
Q → (1/4π2)
∫
qdqdqz . In BG
regime, phonon energy is very small compared to the
Fermi energy and consequently we can make a further
approximation as q << 2kF . With all these assumptions
described above taken into account one can obtain a fi-
nal expression for the phonon-drag thermopower as (for
intermediate steps see the Appendix A1)
Sλg = −
eτpvsm
∗τ(ǫF )
8π3~4σkBT 2kλF
(
1− λ
√
ǫα
ǫF + ǫα
)
×
∫
dqdqzq
2
|Cλ,λ′Q |2
Q
(~ωQ)
2NQ(NQ + 1). (10)
Here, we have assumed τ+(ǫF ) = τ
−(ǫF ) = τ(ǫF ) be-
cause the difference between τ+ and τ− is very small.
The phonon energy is given by ǫp = ~ωQ =
~vs
√
q2 + q2z , so we can write q = ǫp cosφ/(~vs) and
qz = ǫp sinφ/(~vs) so that dqdqz → ǫpdǫpdφ/(~vs)2. We
consider the quasi-2DES is very thin i.e. qz << b so
|I(qz)|2 can be approximated as |I(qz)|2 ≃ 1. With these
substitutions Sg due to DP scattering becomes
Sλg = −
eτpm
∗τ(ǫF )
8π3~4σkBT 2kλF
(
1− λ
√
ǫα
ǫF + ǫα
)D2~
2ρm
× 1
(~vsl)4
∫
dǫpǫ
5
pNQ(NQ + 1)
∫
dφ cos2 φ. (11)
Using the standard result
∫
dǫpǫ
n
pNQ(NQ + 1) =
(n)!ζ(n)(kBT )
n+1 with ζ(n) is the Riemann zeta func-
tion, we obtain
Sλg = −
m∗2ΛD2kB
16π2ρmne~2ekλF
(
1− λ
√
ǫα
ǫF + ǫα
)5!ζ(5)(kBT )4
(~vsl)5
,(12)
where Λ = vslτp is the phonon mean free path. The total
phonon-drag thermopower due to DP scattering is given
by
SDPg = −
m∗2ΛD2kB
8π2~2ρmneek0F
√
ǫ0F
ǫ0F − ǫα
5!ζ(5)(kBT )
4
(~vsl)5
. (13)
The total phonon-drag thermopower Sg for DP scattering
is proportional to T 4.
Calculations similar to DP scattering will yield the to-
tal phonon-drag thermopower for longitudinal and trans-
verse PE scatterings as
SPEg,l = −
45m∗2Λ(eh14)
2kB
210π2~2ρmneek0F
√
ǫ0F
ǫ0F − ǫα
3!ζ(3)(kBT )
2
(~vsl)3
(14)
and
SPEg,t = −
59vstm
∗2Λ(eh14)
2kB
211vslπ2~2ρmneek0F
√
ǫ0F
ǫ0F − ǫα
3!ζ(3)(kBT )
2
(~vst)3
.(15)
Total phonon-drag thermopower due to PE scattering
is given by SPEg = S
PE
g,l + 2S
PE
g,t and in this case S
PE
g ∼
T 2.
B. Hot-electron Energy-loss rate
The average energy-loss rate per electron via acoustic
phonon emission is given by
P =
〈∂ǫ
∂t
〉
=
1
Ne
∑
λ,Q
~ωQ
[∂NQ
∂t
]
λ
, (16)
where Ne is the total number of electrons. The rate of
change of phonon occupation number for a given branch
λ is given by[∂NQ
∂t
]
λ
=
∑
k
WλλQ (k,k+ q)
{
(NQ + 1)f(ǫ
λ
k + ~ωQ)
× [1− f(ǫλk)]−NQf(ǫλk)[1 − f(ǫλk + ~ωQ)]
}
,
(17)
4where the Fermi-Dirac distribution function f(ǫ) is de-
scribed by the temperature of hot electrons Te and
phonon distribution function is described by the lattice
temperature Tl. Obviously Te is larger than Tl so that
electron can relax its energy via acoustic phonon emission
and equilibrate to the lattice temperature.
Now we use the following identity
1− f(ǫk + ~ωQ)
1− f(ǫk) =
f(ǫk + ~ωQ)
f(ǫk)
eβe~ωQ , (18)
with βe = 1/(kBTe). Using Eqs. (16) to (18) and taking
all the assumptions made for calculating Sg into account
we finally obtain the following expression for energy-loss
rate as (detail calculations are given in Appendix A2)
P =
m∗2
4neπ3~5
∑
λ
1
kλF
(
1− λ
√
ǫα
ǫF + ǫα
)2 ∫
dqdqz
× (~ωQ)2|Cλ,λ
′
Q |2
{ 1
eβe~ωQ − 1 −
1
eβl~ωQ − 1
}
,(19)
with βl = 1/(kBTl). The integration over q and qz in
Eq. (19) can be easily evaluated by the same technique
as described in the previous sub-section. The expressions
for total energy relaxation rate for DP, longitudinal PE
and transverse PE scattering are respectively given by
PDP =
m∗2D2k5B4!ζ(5)
2π2neρm~7v4slk
0
F
√
ǫ0F
ǫ0F − ǫα
(T 5e − T 5l ), (20)
PPEl =
9m∗2(eh14)
2k3B2!ζ(3)
64π2neρm~5v2slk
0
F
√
ǫ0F
ǫ0F − ǫα
(T 3e − T 3l ) (21)
and
PPEt =
13m∗2(eh14)
2k3B2!ζ(3)
128π2neρm~5v2stk
0
F
√
ǫ0F
ǫ0F − ǫα
(T 3e − T 3l ).(22)
In the BG regime PDP is proportional to T 5 for DP
scattering and PPE ∼ T 3 for PE scattering.
III. NUMERICAL RESULTS
In the previous section we have presented approxi-
mated analytical results of the phonon-drag thermopower
and energy-loss rate. In this section we discuss numeri-
cal results of phonon-drag thermopower and hot-electron
energy-loss rate. To do this we solve Eqs. (5) and (16)
numerically for both DP and PE scattering mechanisms
in the low temperature regime. For the numerical calcu-
lations we consider material parameters of GaAs/AlGaAs
heterostructures as m∗ = 0.067me with free electron
mass me, ρm = 5.31 × 103 Kg m−3, vsl = 5.12 × 103
ms−1, vst = 3.04×103 ms−1, D = 12 eV, h14 = 1.2×109
Vm−1, κ = 12.91, nd = 10
14 m−2, α0 = 10
−11 eV m and
n0 = 10
15 m−3.
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FIG. 1: (Color online) Plots of the phonon-drag thermopower
due to DP scattering versus temperature for different values
of the density. Here, solid, dotted and dashed lines represent
ne = 3n0, ne = 5n0 and ne = 7n0, respectively.
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FIG. 2: (Color online) Plots of the phonon-drag thermopower
due to PE scattering versus temperature for different values
of the density. Here, solid, dotted and dashed lines represent
ne = 3n0, ne = 5n0 and ne = 7n0, respectively.
We estimate the effective exponent from the log-log
plot of the phonon-drag thermopower versus temperature
due to DP scattering in Fig. 1 for both α = 0 and α = α0
with different densities. At very low temperature (T ∼ 1-
3 K), we obtain ν = 3.449, 3.942 and 4.139 for ne = 3n0,
5n0 and 7n0, respectively, when α = 0. On the other
hand, we obtain ν = 2.846, 3.294 and 3.547 for ne = 3n0,
5n0 and 7n0, respectively, when α = α0. The value of ν
with α = α0 gets lowered than that with α = 0. Figure
1 also depicts that the magnitude of Sg with α = α0 is
less in comparison with α = 0.
In Fig. 2, the log-log plot of the phonon-drag ther-
5mopower versus temperature due to PE scattering is pre-
sented for different values of α and ne. When α = 0,
we obtain ν = 1.688, 1.961 and 2.096 for ne = 3n0,
5n0 and 7n0, respectively. When α = α0, we obtain
ν = 1.290, 1.520 and 1.658 for ne = 3n0, 5n0 and 7n0,
respectively. Comparing Fig. 1 and Fig. 2, one can con-
clude that the magnitude of Sg due to DP scattering is
larger than that due to PE scattering.
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FIG. 3: (Color online) Plots of the phonon-drag thermopower
due to DP and PE scattering versus temperature for a fixed
density ne = 5n0. Here, solid and dashed lines represent
α = 0 and α = α0, respectively.
In Fig. 3 we plot Sg due to DP and PE scattering
versus T for α = 0 and α = α0 at a fixed density ne =
5n0. Figure 3 clearly shows that slope of the line with
α = α0 is less than that with α = 0 case.
Variation of Sg due to DP and PE scattering as a func-
tion of the the Rashba coupling constant (α) is shown in
Fig. 4. The phonon-drag thermopower Sg decreases very
slowly with the increase of α in the case of both DP and
PE scattering.
It is important to compare the order of magnitudes
of diffusion and phonon-drag contributions to the total
thermopower. The diffusion thermopower50 is given by
Sd = −π
2k2BT
3|e|ǫF
(
p+ 1− ǫα
ǫF
)
, (23)
where the parameter p depends on various scattering
mechanisms. We calculate Sd from Eq. (23) and Sg
from numerical evaluation of Eq. (5). With α = α0 and
n = 5n0 at T = 2 K we obtain Sd ∼ −5.464 µV/K,
SDPg ∼ −18.526 µV/K and SPEg ∼ −7.135 µV/K. It is
clear that at T = 2 K the phonon-drag thermopower
due to DP scattering dominates over both PE scattering
induced phonon-drag thermopower and diffusion ther-
mopower.
Now we turn to present the numerical calculations for
energy-loss rate of hot electrons in the BG regime. In
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FIG. 4: (Color online) Plots of the phonon-drag thermopower
due to DP and PE scattering versus α for different values of
the density at fixed temperature T = 2K. Here, solid, dotted
and dashed lines represent ne = 3n0, ne = 5n0 and ne = 7n0,
respectively.
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FIG. 5: (Color online) Plots of the energy-loss rate due to
DP scattering as a function of electron temperature Te for
α = 0 and α = α0 for different density. We set the lattice
temperature Tl = 0. Here, solid, dotted and dashed lines
represent ne = 3n0, ne = 5n0 and ne = 7n0, respectively.
Figs. 5 and 6 we have shown the dependence of P with
electron temperature Te for DP and PE scattering, re-
spectively.
In general, energy-loss rate of hot-electrons is given by
P = Γ(T δe − T δl ) with Γ as the proportionality constant.
By taking the lattice temperature Tl = 0 we determine
the values of δ for α = 0 and α = α0 from Figs. 5 and
6. For DP scattering with α = 0 the values of δ are
δ = 4.707, 4.916 and 4.998 for ne = 3n0, 5n0 and 7n0,
respectively. When α = α0 we obtain δ = 4.268, 4.511
and 4.661 for ne = 3n0, 5n0 and 7n0, respectively. For
PE scattering we find δ = 2.945, 3.078 and 3.139 for ne =
3n0, 5n0 and 7n0, respectively at α = 0. With α = α0
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FIG. 6: (Color online) Plots of the energy-loss rate due to
PE scattering versus electron temperature Te for α = 0 and
α = α0 for different density. Here, lattice temperature is fixed
to Tl = 0. Solid, dotted and dashed lines represent ne = 3n0,
ne = 5n0 and ne = 7n0, respectively.
0 1 2 3 4 5 6
0
0.5
1
1.5
2
2.5
T
e
−Tl (K)
P 
(10
−
14
 
W
)
0 1 2 3 4 5 6
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
T
e
−Tl (K)
P 
(10
−
14
 
W
)
Tl=5.5 KTl=3.4 K
DP Scattering
FIG. 7: (Color online) Energy-loss rate due to DP scattering
is plotted as a function of Te − Tl with α = α0 for two lattice
temperatures Tl = 3.4 K and Tl = 5.5 K. Here, solid, dotted
and dashed lines represent ne = 3n0, ne = 5n0 and ne = 7n0,
respectively.
the values of δ are obtained as δ = 2.635, 2.790 and 2.880
for ne = 3n0, 5n0 and 7n0, respectively.
Our numerical calculations reveal that the effective ex-
ponents of temperature dependence of phonon-drag ther-
mopower and energy-loss rate strongly depend on the
electron density and the Rashba spin-orbit coupling con-
stant.
In Figs. 7 and 8 we plot P due to DP and PE scat-
tering as a function of Te − Tl with α = α0 for different
density. Different values of Tl have been considered here.
Magnitude of P is higher at higher values of Tl and it de-
creases with increase of the electron density. Comparing
Figs. 7 and 8, we see that the energy-loss rate due to DP
scattering is much higher than that due to PE case.
In Fig. 9, we present energy-loss rate due to DP and
PE scattering versus α for different lattice temperatures.
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FIG. 8: (Color online) Energy-loss rate due to PE scattering
is plotted as a function of Te − Tl with α = α0 for two lattice
temperatures Tl = 3.4 K and Tl = 5.5 K. Here, solid, dotted
and dashed lines represent ne = 3n0, ne = 5n0 and ne = 7n0,
respectively.
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FIG. 9: (Color online) Plots of the energy-loss rate due to DP
and PE scattering versus α for different values of the lattice
temperature Tl. We fix the electron temperature at Te = 6
K. Here, solid, dotted and dashed lines represent Tl = 3.4 K,
Tl = 4.2 K and Tl = 5.5 K, respectively.
It shows the energy-loss rates increase monotonically
with α in both the cases. This behavior is quite differ-
ent from the behavior of the phonon-drag thermopower
versus α shown in Fig. 4.
Density DP PE
(ne) α = 0 α = α0 α = 0 α = α0
3n0 3.449 2.846 1.688 1.290
5n0 3.942 3.294 1.961 1.520
7n0 4.139 3.547 2.096 1.658
TABLE I: The effective exponent of the temperature depen-
dence of Sg in the BG regime for various values of ne and
α.
7Density DP PE
(ne) α = 0 α = α0 α = 0 α = α0
3n0 4.707 4.268 2.945 2.635
5n0 4.916 4.511 3.078 2.790
7n0 4.998 4.661 3.139 2.880
TABLE II: The effective exponent of the temperature depen-
dence of P in the BG regime for various values of ne and
α.
IV. SUMMARY
In this section we are summarizing the main results
of the present work. In BG regime phonon-drag ther-
mopower and hot-electron energy-loss rate have been
calculated for quasi-2DES formed at the interface of
GaAs/AlGaAs heterojunction. Both DP and PE scatter-
ing mechanism have been taken into account separately.
It is shown that the effective exponent of the temper-
ature dependence of the phonon-drag thermopower and
energy-loss rate strongly depend on the electron density
and the Rashba spin-orbit coupling constant. For DP
and PE scattering in the BG regime, the values of the
effective exponents of T of thermoelectric power and hot-
electron energy-loss rate for different values of ne and α
are summarized in Table I and Table II.
It is shown that the order of magnitudes of phonon-
drag thermopower due to DP and PE scattering are al-
most same and the phonon-drag thermopower dominates
over the diffusion thermopower in the BG regime. The
phonon-drag thermopower due to DP and PE scattering
decreases very slowly with increase of α.
The order of magnitude of the energy-loss rate due to
DP scattering is much higher than that of the PE scat-
tering. The energy-loss rate due to DP and PE scattering
increases monotonically with α.
Appendix A
In this appendix, we briefly sketch the derivation of
the phonon-drag thermopower. Using Eqs. (5) and (9)
we can write
Sλg =
eτpm
∗
8π2~2σkBT 2
∑
Q
∫
dǫk
(
1− λ
√
ǫα
ǫk + ǫα
)
×
∫
dθ~ωQW
λλ
Q (k,k+ q)f(ǫk)
{
1− f(ǫk + ~ωQ)
}
× τ(ǫλk )
(
vλk − vλk+q
)
· vp. (A1)
Using the approximation f(ǫk){1 − f(ǫk + ~ωQ)} ≃
~ωQ(NQ + 1)δ(ǫk − ǫF ), the integration over ǫk in Eq.
(A1) can be easily done and we obtain
Sλg =
eτpm
∗τ(ǫF )
8π2~2σkBT 2
(
1− λ
√
ǫα
ǫF + ǫα
)∑
Q
∫
dθ(~ωQ)
2
× (NQ + 1)WλλQ (kF ,kF + q)
(
vλkF − vλkF+q
)
· vp.
(A2)
Using Eq. (4) and taking q << kF we can write the
difference between two velocities as
vλkF − vλkF+q ≃ −
~q
m∗
− λα
~
( q
kF
− kF (kF · q)
k3F
)
. (A3)
Similarly, the difference between two energies can be
approximated as
ǫλkF+q − ǫλkF ≃
(
~
2kF
m∗
+ λα
)
q cos θ
+
(
~
2
2m∗
+ λ
α
2kF
)
q2, (A4)
where θ is the angle between kF and q. Converting the
summation over Q into an integration over q, qz and
doing the θ integration we can simplify Eq. (A2) as
Sλg = −
eτpvsm
∗2τ(ǫF )
8π3~5σkBT 2kλF
2
(
1− λ
√
ǫα
ǫF + ǫα
)2 ∫
dqdqzq
2
× (~ωQ)2NQ(NQ + 1) |CQ|
2
QG(kλF , Q)
[
~kλF
m∗
+ λ
α
~
− λα
~
{m∗vs
~kλF
Q
q
(
1− λ
√
ǫα
ǫF + ǫα
)
− q
2kλF
}2]
, (A5)
with
G(kλF , Q) =
{
1− q
2
4kλF
2 +
m∗vs
~kλF
Q
kλF
(
1− λ
√
ǫα
ǫF + ǫα
)
−
(m∗vs
~kλF
)2Q2
q2
(
1− λ
√
ǫα
ǫF + ǫα
)2} 1
2
. (A6)
With the assumptions q << 2kF and m
∗vs << ~kF we
have G(kF , Q) ≃ 1. Eq. (10) can be derived easily from
Eq. (A5) with all the above mentioned approximations
taken into account.
Appendix B
In this appendix, we briefly we outline the derivation
of the energy-loss rate of hot electrons. Using Eq. (9)
and after doing the integration over θ, Eq. (17) can be
re-written as[∂NQ
∂t
]
λ
=
m∗2A
π~5q
∫
dǫk
(
1−
√
ǫα
ǫk + ǫα
)2
× |CQ|
2
kλG(kλ, Q)
NQ(Tl)
[
e(βl−βe)~ωQ − 1
]
× f(ǫk){1− f(ǫk + ~ωQ)}. (B1)
8At low temperature we use the same approximation
made in Appendix A. After doing the integration over ǫk
in Eq. (B1) finally Eq. (16) becomes
P =
m∗2
4π3ne~5
∑
λ
(
1− λ
√
ǫα
ǫF + ǫα
)2 ∫
dqdqz(~ωQ)
2
× |CQ|
2
kλFG(k
λ
F , Q)
NQ(Tl){NQ(Te) + 1}
[
e(βl−βe)~ωQ − 1
]
.
(B2)
By taking the approximation G(kF , Q) ≃ 1 into ac-
count at low temperature and after evaluating the inte-
grations over q and qz in Eq. (B2) it is not difficult to
get Eqs. (20)-(22).
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